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a b s t r a c t
Bhaskar and Lakshmikantham [T.G. Bhaskar, V. Lakshmikantham, Fixed point theo-
rems in partially ordered metric spaces and applications, Nonlinear Anal. 65 (2006)
1379–1393] studied the coupled coincidence point of a mapping F from X × X into
X and a mapping g from X into X . E. Karapinar [E. Karapinar, Couple fixed point the-
orems for nonlinear contractions in cone metric spaces, Comput. Math. Appl. (2010),
doi:10.1016/j.camwa.2010.03.062] proved some results of the coupled coincidence point
of amapping F from X×X into X and amapping g from X into X over normal coneswithout
regularity. In the present paper, we prove that coupled coincidence fixed point theorems
over cone metric spaces are not necessarily normal. Our results generalize several well
known comparable results in the literature.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Haung and Zhang [1] introduced the concept of conemetric space, replacing the set of real numbers by an ordered Banach
space. They proved some fixed point theorems of contractive type mappings over cone metric spaces. Later, many authors
generalized their fixed point theorems in different ways. For a survey of coincidence point theory over cone metric spaces,
we refer the reader to [2–5,1,6–12], for example. Bhaskar and Lakshmikantham [13] introduced the concept of a coupled
coincidence point of a mapping F from X × X into X and a mapping g from X into X and studied fixed point theorems in
partially orderedmetric spaces. In [14] Lakshmikantham and Ćirić studied some fixed point theorems for nonlinear contrac-
tions in partially ordered metric spaces. Recently, Karapinar [7], studied some results of the coupled coincidence point of a
mapping F from X×X into X and amapping g from X into X in metric spaces over normal cones without regularity. The aim
of this paper is to study some coincidence fixed point theorems over cone metric spaces which are not necessarily normal.
2. Basic concepts
In the present paper, E stands for a real Banach space. Let P be a subset of E with int(P) ≠ ∅. Then P is called a cone if
the following conditions are satisfied:
1. P is closed and P ≠ {θ}.
2. a, b ∈ R+, x, y ∈ P implies ax+ by ∈ P .
3. x ∈ P ∩ −P implies x = θ .
For a cone P , define a partial ordering≤with respect to P by x ≤ y if and only if y− x ∈ P . We shall write x < y to indicate
that x ≤ y but x ≠ y, while x ≪ y will stand for y − x ∈ Int P . It can be easily shown that λ Int(P) ⊆ Int(P) for all positive
scalar λ.
Definition 2.1 ([1]). Let X be a nonempty set. Suppose the mapping d : X × X → E satisfies
1. θ ≤ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y.
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2. d(x, y) = d(y, x) for all x, y ∈ X .
3. d(x, y) ≤ d(x, z)+ d(y, z) for all x, y, z ∈ X .
Then d is called a cone metric on X , and (X, d) is called a cone metric space.
Definition 2.2 ([1]). Let (X, d) be a cone metric space. Let (xn) be a sequence in X and x ∈ X . If for every c ∈ E with θ ≪ c ,
there is an N ∈ N such that d(xn, x)≪ c for all n ≥ N , then (xn) is said to be convergent and (xn) converges to x and x is the
limit of (xn). We denote this by limn→+∞ xn = x or xn → x as n → +∞. If for every c ∈ E with θ ≪ c there is an N ∈ N
such that d(xn, xm) ≪ c for all n,m ≥ N , then (xn) is called a Cauchy sequence in X . The space (X, d) is called a complete
cone metric space if every Cauchy sequence is convergent.
Let (X, d) be a cone metric space, f : X → X and x0 ∈ X . Then f is said to be continuous at x0 if for any sequence xn → x0,
we have fxn → fx0 [9].
The cone P in a real Banach space E is called normal if there is a number k > 0 such that for all x, y ∈ E,
θ ≤ x ≤ y implies ‖x‖ ≤ k‖y‖.
Rezapour and Hamlbarani [10] proved that there are no normal cones with normal constant k < 1 and that for each h > 1
there are cones with normal constant K > h. Also, omitting the assumption of normality they obtain generalizations of
some results of [1].
Example 2.1 ([10]). Let E = C2R[0, 1] with the norm ‖f ‖ = ‖f ‖+∞ + ‖f ′‖+∞ and consider the cone P = {f ∈ E : f ≥ 0}.
For each K > 1, put f (x) = x and g(x) = x2k. Then 0 ≤ g ≤ f , ‖f ‖ = 2 and ‖g‖ = 2K + 1. Since K‖f ‖ < ‖g‖, K is not the
normal constant of P . Therefore, P is a non-normal cone.
Definition 2.3 ([13]). Let (X,≼) be a partially ordered set and F : X × X → X . Then the map F is said to have mixed
monotone property if F(x, y) is monotone non-decreasing in x and is monotone non-increasing in y; that is, for any x, y ∈ X ,
x1 ≼ x2 implies F(x1, y) ≼ F(x2, y) for all y ∈ X
and
y1 ≼ y2 implies F(x, y2) ≼ F(x, y1) for all x ∈ X .
Inspired by Definition 2.3, Lakshmikantham and Ćirić in [14] introduced the concept of a g-mixed monotone mapping.
Definition 2.4 ([14]). Let (X,≼) be a partially ordered set and F : X × X → X . Then the map F is said to have mixed
g-monotone property if F(x, y) is monotone g-non-decreasing in x and is monotone g-non-increasing in y; that is, for any
x, y ∈ X ,
gx1 ≼ gx2 implies F(x1, y) ≼ F(x2, y) for all y ∈ X
and
gy1 ≼ gy2 implies F(x, y2) ≼ F(x, y1) for all x ∈ X .
Definition 2.5 ([13]). An element (x, y) ∈ X × X is called a coupled fixed point of a mapping F : X × X → X if
F(x, y) = x and F(y, x) = y.
Definition 2.6 ([8]). An element (x, y) ∈ X × X is called a coupled coincidence point of the mappings F : X × X → X and
g : X → X if
F(x, y) = gx and F(y, x) = gy.
Definition 2.7 ([8]).An element (x, y) ∈ X×X is called a coupled fixed point of themappings F : X×X → X and g : X → X
if
F(x, y) = gx = x and F(y, x) = gy = y.
Definition 2.8 ([8]). LetX be a nonempty set. Thenwe say that themappings F : X×X → X and g : X → X are commutative
if
gF(x, y) = F(gx, gy).
3. Main results
We start our work by showing that the commutativity of the twomaps F : X×X → X and g : X → X and the continuity
of g are not essential for the existence of a coupled coincidence point of F and g .
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Theorem 3.1. Let (X,≼) be a partially ordered set and (X, d) be a cone metric space. Let F : X × X → X and g : X → X be
two functions such that
d(F(x, y), F(u, v)) ≤ ad(gx, gu)+ bd(gy, gv) (1)
for all x, y, u, v ∈ X with gx ≼ gu and gv ≼ gy. Assume that F and g satisfy the following conditions:
1. F(X × X) ⊆ g(X),
2. g(X) is a complete subspace of X, and
3. F has the mixed g-monotone property.
Also, suppose that X has the following properties:
1. if a non-decreasing sequence xn → x, then xn ≼ x for all n,
2. if a non-increasing sequence xn → x, then x ≼ xn for all n.
If there exist x0, y0 ∈ X such that gx0 ≼ F(x0, y0) and F(y0, x0) ≼ gy0 and if a + b ∈ (0, 1), then F and g have a coupled
coincidence point.
Proof. Let x0, y0 ∈ X such that gx0 ≼ F(x0, y0) and F(y0, x0) ≼ gy0. Since F(X × X) ⊆ g(X), we can choose x1, y1 ∈ X such
that gx1 = F(x0, y0) and gy1 = F(y0, x0). Again since F(X × X) ⊆ g(X), we can choose x2, y2 ∈ X such that gx2 = F(x1, y1)
and gy2 = F(y1, x1). Since F has themixed g-monotone property, we have gx0 ≼ gx1 ≼ gx2 and gy2 ≼ gy1 ≼ gy0. Continuing
this process, we can construct two sequences (xn) and (yn) in X such that gxn = F(xn−1, yn−1) ≼ gxn+1 = F(xn, yn) and
gyn+1 = F(yn, xn) ≼ gyn = F(yn−1, xn−1). Let n ∈ N. Then by Inequality 1, we have
d(gxn, gxn+1) = d(F(xn−1, yn−1), F(xn, yn))
≤ ad(gxn−1, gxn)+ bd(gyn−1, gyn),
and
d(gyn, gyn+1) = d(F(yn−1, xn−1), F(yn, xn))
≤ ad(gyn−1, gyn)+ bd(gxn−1, gxn).
Thus,
d(gxn, gxn+1)+ d(gyn, gyn+1) ≤ (a+ b)(d(gxn−1, gxn)+ d(gyn−1, gyn))
≤ (a+ b)2(d(gxn−2, gxn−1)+ d(gyn−2, gyn−1))
...
≤ (a+ b)n(d(gx0, gx1)+ d(gy0, gy1)).
So
d(gxn, gxn+1) ≤ (a+ b)n(d(gx0, gx1)+ d(gy0, gy1)),
and
d(gyn, gyn+1) ≤ (a+ b)n(d(gx0, gx1)+ d(gy0, gy1)).
Letm, n ∈ Nwithm > n. Since
d(gxn, gxm) ≤
m−1−
i=n
d(gxi, gxi+1)
and a+ b < 1, we have
d(gxn, gxm) ≤ (a+ b)
n
1− a− b (d(gx0, gx1)+ d(gy0, gy1)).
Now, we show that (gxn) is a Cauchy sequence in (X, d). Let θ ≪ c be given. Since c ∈ Int P , there is a neighborhood of θ
Nδ(θ) = {y ∈ E : ‖y‖ < δ}
where δ > 0, such that c + Nδ(θ) ⊆ Int P . Choose N1 ∈ N such that− (a+ b)N11− a− b (d(gx0, gx1)+ d(gy0, gy1))
 < δ.
Then
− (a+ b)
N1
1− a− b (d(gx0, gx1)+ d(gy0, gy1)) ∈ Nδ(θ)
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for all n ≥ N1. Hence
c − (a+ b)
N1
1− a− b (d(gx0, gx1)+ d(gy0, gy1)) ∈ c + Nδ(θ) ⊆ Int P.
Thus we have
(a+ b)N1
1− a− b (d(gx0, gx1)+ d(gy0, gy1))≪ c
for all n ≥ N1. Therefore
d(gxn, gxm) ≤ (a+ b)
N1
1− a− b (d(gx0, gx1)+ d(gy0, gy1))≪ c
for all m > n ≥ N1. Hence we conclude that (gxn) is Cauchy in g(X). Similarly, we may show that (gyn) is Cauchy in g(X).
Since g(X) is complete, we get that (gxn) and (gyn) are convergent sequences to some p and q in g(X); respectively. Choose
x and y in X such that p = gx and q = gy. Since (gxn) is a non-decreasing sequence and gxn → gx, we have gxn ≼ gx for all
n. Also, since (gyn) is a non-increasing sequence and gyn → gx, we have gy ≼ gyn for all n.
d(gxn+1, F(x, y)) = d(F(xn, yn), F(x, y))
≤ ad(gxn, gx)+ bd(gyn, gy).
Let θ ≪ c be given. Choose N1,N2 ∈ N such that
ad(gxn, gx)≪ c2 for all n ≥ N1
and
bd(gyn, gy)≪ c2 for all n ≥ N2.
Let N0 = max{N1,N2}. Then
ad(gxn, gx)+ bd(gyn, gy)≪ c ∀n ≥ N0.
Thus
d(gxn+1, F(x, y))≪ c ∀n ≥ N0.
Hence (gxn+1) converges to F(x, y). Let θ ≪ c be given. Choose k1, k2 ∈ N such that
d(gxn+1, gx)≪ c2 ∀n ≥ k1
and
d(gxn+1, F(x, y))≪ c2 ∀n ≥ k2.
Let k0 = max{k1, k2}. Then d(gx, F(x, y))≪ c. Since c is arbitrary, we get
d(gx, F(x, y))≪ c
m
∀m ∈ N.
By noting that cm → θ as m → +∞, we conclude that cm − d(gx, F(x, y)) → −d(gx, F(x, y)) as m → +∞. Because P is
closed, we get−d(gx, F(x, y)) ∈ P . Thus d(gx, F(x, y)) ∈ P∩−P . Hence d(gx, F(x, y)) = θ . Therefore gx = F(x, y). Similarly,
we may show that gy = F(y, x). Thus, (x, y) is a coupled coincidence point of F and g . 
Corollary 3.1. Let (X,≼) be a partially ordered set and (X, d) be a cone metric space. Let F : X × X → X and g : X → X be
two functions such that
d(F(x, y), F(u, v)) ≤ k
2
(d(gx, gu)+ d(gy, gv)) (2)
for all x, y, u, v ∈ X with gx ≼ gu and gv ≼ gy. Assume that F and g satisfy the following conditions:
1. F(X × X) ⊆ g(X),
2. g(X) is a complete subspace of X, and
3. F has the mixed g-monotone property.
Also, suppose that X has the following properties:
1. if a non-decreasing sequence xn → x, then xn ≼ x for all n,
2. if a non-increasing sequence xn → x, then x ≼ xn for all n.
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If there exist x0, y0 ∈ X such that gx0 ≼ F(x0, y0) and F(y0, x0) ≼ gy0 and if k ∈ (0, 1), then F and g have a coupled coincidence
point.
Proof. Follows from Theorem 3.1 by taking a = b = k2 . 
Corollary 3.2 ([13]). Let (X,≼) be a partially ordered set and suppose that there exists a metric d in X such that (X, d) is a
complete metric space. Assume that X has the following properties:
1. if a non-decreasing sequence xn → x, then xn ≼ x for all n,
2. if a non-increasing sequence xn → x, then x ≼ xn for all n.
Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that there is k ∈ [0, 1) with
d(F(x, y), F(u, v)) ≤ k
2
(d(x, u)+ d(y, v)) (3)
for all x, y, u, v ∈ X with x ≼ u and v ≼ y. If there exist x0, y0 ∈ X such that x0 ≼ F(x0, y0) and F(y0, x0) ≼ y0, there exist
x, y ∈ X such that x = F(x, y) and y = F(y, x).
Proof. Follows from Corollary 3.1 by taking g = i and noting that every metric space is a cone metric space. 
Theorem 3.2. Let (X,≼) be a partially ordered set and (X, d) be a complete conemetric space. Let F : X×X → X and g : X → X
be two functions such that
d(F(x, y), F(u, v)) ≤ ad(gx, gu)+ bd(gy, gv) (4)
for all x, y, u, v ∈ X with gx ≼ gu and gv ≼ gy. Suppose that F has the mixed g-monotone property, F(X × X) ⊆ gX, g is
continuous and g commutes with F . Also, suppose that F is continuous or X has the following properties:
• (P1)if a non-decreasing sequence xn → x, then xn ≼ x for all n,• (P2)if a non-increasing sequence xn → x, then x ≼ xn for all n.
If there exist x0, y0 ∈ X such that gx0 ≼ F(x0, y0) and F(y0, x0) ≼ gy0 and if a + b ∈ (0, 1), then F and g have a coupled
coincidence point.
Proof. As in the proof of Theorem 3.1, we can construct two Cauchy sequences (gxn) and (gyn) in X . Since (X, d) is complete,
there are x, y ∈ X such that (gxn+1) converges to x and (gyn+1) converges to y. Since g is continuous, we have (ggxn+1)
converging to gx and (ggyn+1) converging to gy. But
ggxn+1 = g(F(xn, yn)) = F(gxn, gyn)
and
ggyn+1 = g(F(yn, xn)) = F(gyn, gxn).
First case, suppose that F is continuous, then we have (F(gxn, gyn)) converging to F(x, y) and (F(gyn, gxn)) converging to
F(y, x). Thus, (ggxn+1) converges to F(x, y) and (ggyn+1) converges to F(y, x). Let θ ≪ c be given. Choose k1, k2 ∈ N such
that
d(ggxn+1, gx)≪ c2 ∀n ≥ k1
and
d(ggxn+1, F(x, y))≪ c2 ∀n ≥ k2.
Let k0 = max{k1, k2}. Then d(gx, F(x, y))≪ c. Since c is arbitrary, we get
d(gx, F(x, y))≪ c
m
∀m ∈ N.
By noting that cm → θ as m → +∞, we conclude that cm − d(gx, F(x, y)) → −d(gx, F(x, y)) as m → +∞. Because P is
closed, we get−d(gx, F(x, y)) ∈ P . Thus d(gx, F(x, y)) ∈ P∩−P . Hence d(gx, F(x, y)) = θ . Therefore gx = F(x, y). Similarly,
we may show that gy = F(y, x). Hence (x, y) is coincidence coupled point of F and g .
Second case, suppose that X satisfies properties (P1) and (P2). Thus gxn ≼ x and y ≼ gyn for all n ∈ N. Hence
d(ggxn+1, F(x, y)) = d(F(gxn, gyn), F(x, y))
≤ ad(ggxn, gx)+ bd(ggyn, gy).
Since (ggxn) converges to gx and (ggyn) converges to y, we get (ggxn) converging to F(x, y). Similarly, we may show that
(ggyn) converges to F(y, x). By similar arguments as above, we may show that gx = F(x, y) and gy = F(y, x). Thus the pair
(x, y) is a coupled coincidence point of F and g . 
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Corollary 3.3 ([7]). Let (X,≼) be a partially ordered set and (X, d) be a complete cone metric space. Let F : X × X → X and
g : X → X be two functions such that
d(F(x, y), F(u, v)) ≤ k
2
(d(gx, gu)+ d(gy, gv)) (5)
for all x, y, u, v ∈ X with gx ≼ gu and gv ≼ gy. Suppose that F has the mixed g-monotone property, F(X × X) ⊆ gX, g is
continuous and g commutes with F . Also, suppose that F is continuous or X has the following properties:
• (P1)if a non-decreasing sequence xn → x, then xn ≼ x for all n,
• (P2)if a non-increasing sequence xn → x, then x ≼ xn for all n.
If there exist x0, y0 ∈ X such that gx0 ≼ F(x0, y0) and F(y0, x0) ≼ gy0 and if k ∈ (0, 1), then F and g have a coupled coincidence
point.
Proof. Follows from Theorem 3.1 by taking a = b = k2 . 
Theorem 3.3. In addition to the hypothesis of Theorem 3.1 (resp. Theorem 3.2), suppose that gx0 and gy0 are comparable. Then
gx = F(x, y) = F(y, x) = gy.
Proof. If gy0 ≼ gx0, then q = gy ≼ gy0 ≼ gx0 ≼ gx = p. Thus
d(gy, gx) = d(F(y, x), F(x, y)) ≤ (a+ b)d(gy, gx).
Using the fact that a+b < 1, we get d(F(y, x), F(x, y)) = θ . Hence gy = F(y, x) = F(x, y) = gx. If gx0 ≼ gy0, then gxn ≼ gyn
for all n ∈ N ∪ {0}. The proof of this statement follows by induction and using the fact that F has the mixed g-monotone
property. Thus, for n ∈ N, we get
d(gxn, gyn) = d(F(xn−1, yn−1), F(yn−1, xn−1))
≤ (a+ b)d(gxn−1, gyn−1)
≤ (a+ b)2d(gxn−2, gyn−2)
...
≤ (a+ b)nd(gx0, gy0).
Thus as n →+∞, we get d(gxn, gyn)→ θ . Let θ ≪ c be given. Choose k1, k2, k3 ∈ N such that
d(gxn+1, gx)≪ c3 ∀n ≥ k1,
d(gxn+1, gyn+1)≪ c3 ∀n ≥ k2,
and
d(gyn+1, F(y, x))≪ c3 ∀n ≥ k3.
Let k0 = max{k1, k2, k3}. Since
d(F(x, y), F(y, x)) ≤ d(F(x, y), gxn+1)+ d(gxn+1, gyn+1)+ d(gyn+1, F(y, x)),
we have d(F(x, y), F(y, x))≪ c. Since c is arbitrary, we get
d(F(x, y), F(y, x))≪ c
m
∀m ∈ N.
By noting that cm → θ asm →+∞, we conclude that cm − d(F(x, y), F(y, x))→−d(F(x, y), F(y, x))asm →+∞. Because
P is closed, we get −d(F(x, y), F(y, x)) ∈ P . Thus d(F(x, y), F(y, x)) ∈ P ∩ −P . Hence d(F(x, y), F(y, x)) = θ . Therefore
gx = F(x, y) = F(y, x) = gx. 
Theorem 3.4. In addition to the hypothesis of Theorem 3.1 (resp. Theorem 3.2), suppose that for every (x, y), (x∗, y∗) ∈ X, there
exists (u, v) ∈ X × X such that (F(u, v), F(v, u)) is comparable to (F(x, y), F(y, x)) and (F(x∗, y∗), F(y∗, x∗)). If (x, y) and
(x∗, y∗) are coupled coincidence points of F and g, then F(x, y) = gx = gx∗ = F(x∗, y∗) and F(y, x) = gy = gy∗ = F(y∗, x∗).
Moreover, if F and g commutes, then F and g have a unique common fixed point, that is, there exists a unique pair (x, y) ∈ X×X
such that x = gx = F(x, y) and y = gy = F(y, x).
Proof. Following the proof of Theorem 3.1, there exists (x, y) ∈ X × X such that F(x, y) = gx = p and F(y, x) = gy = q.
Thus the existence of a coupled coincidence point is confirmed. Now, let (x∗, y∗) be another coincidence point of F and
g; that is, F(x∗, y∗) = gx∗ and F(y∗, x∗) = gy∗. By the additional assumption, there is (u, v) ∈ X × X such that
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(F(u, v), F(v, u)) is comparable to (F(x, y), F(y, x)) and (F(x∗, y∗), F(y∗, x∗)). Let u0 = u, v0 = v x0 = x, y0 = y, x∗0 = x∗
and y∗0 = y∗. Since F(X × X) ⊆ gX , we can construct sequences (gun), (gvn), (gxn), (gyn), (gx∗n), and (gy∗n), such that
gun+1 = F(un, vn), gvn+1 = F(vn, un), gxn+1 = F(xn, yn), gyn+1 = F(yn, xn), gx∗n+1 = F(x∗n, y∗n), gy∗n+1 = F(y∗n, x∗n). Since
(gx, gy) = (F(x, y), F(y, x)) = (gx1, gy1)
and
(F(u, v), F(v, u)) = (gu1, gv1)
are comparable, then gx ≼ gu1 and gv1 ≼ gy. One can show that
gx ≼ gun, and gvn ≼ gy
for all n ∈ N. From
d(gx, gun+1) = d(F(x, y), F(un, vn)) ≤ ad(gx, gun)+ bd(gy, gvn),
and
d(gy, gvn+1) = d(F(vn, un), F(y, x)) ≤ ad(gvn, gy)+ bd(gun, gx)
we have
d(gx, gun+1)+ d(gy, gvn+1) ≤ (a+ b)(d(gx, gun)+ d(gy, gvn)).
Since
d(gx, gun+1) ≤ d(gx, gun+1)+ d(gy, gvn+1),
we have
d(gx, gun+1) ≤ (a+ b)(d(gx, gun)+ d(gy, gvn))
≤ (a+ b)2(d(gx, gun−1)+ d(gy, gvn−1))
...
≤ (a+ b)n+1(d(gx, gu)+ d(gy, gv)).
Now, we show that (gun+1) converges to gx in (X, d). Let θ ≪ c be given. Since c ∈ Int P , there is a neighborhood of θ
Nδ(θ) = {y ∈ E : ‖y‖ < δ}
where δ > 0, such that c + Nδ(θ) ⊆ Int P . Choose N1 ∈ N such that
‖ − (a+ b)N1(d(gx, gu)+ d(gy, gv))‖ < δ.
Then
−(a+ b)N1(d(gx, gu)+ d(gy, gv)) ∈ Nδ(θ)
for all n ≥ N1. Hence
c − (a+ b)N1(d(gx, gu)+ d(gy, gv)) ∈ c + Nδ(θ) ⊆ Int P.
Thus we have
(a+ b)n(d(gx, gu)+ d(gy, gv))≪ c
for all n ≥ N1. Thus
d(gx, gun+1)≪ c
for all n ≥ N1. Thus gun+1 converges to gx in (X, d). Similarly, we may show that gvn+1 converges to gy in (X, d).
Analogously, we can show that gun+1 converges to gx∗ and gvn+1 converges to gy∗ in (X, d).
Since the cone P is closed and (gun+1) converges to gx and gx∗, we get gx = gx∗. Also, since the cone P is closed and (gvn+1)
converges to gy and gy∗, we get gy = gy∗. Thus, we have that if (x, y) and (x∗, y∗) are coupled coincidence points of F and g ,
then
F(x, y) = gx = gx∗ = F(x∗, y∗)
and
F(y, x) = gy = gy∗ = F(y∗, x∗).
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Assume that F and g commutes, then
gp = g(gx) = g(F(x, y)) = F(gx, gy) = F(p, q)
and
gq = g(gy) = g(F(y, x)) = F(gy, gx) = F(q, p).
Hence the pair (p, q) is also a coupled coincidence point of F and g . Thus, we have gp = gx and gq = gy. Hence gp = p and
gq = q. Therefore
p = gp = F(p, q)
and
q = gq = F(q, p).
Thus (p, q) is a coupled common fixed point of F and g . To prove the uniqueness, let (s, t) be any coupled common fixed
point of F and g . Then
s = gs = F(s, t)
and
t = gt = F(t, s).
Since the pair (s, t) is a coupled coincidence point of F and g , we have gs = gx and gt = gy. Thus s = gs = gp = p and
t = gt = gq = q. Hence the coupled fixed point is unique. 
Remarks.
1. Theorem 2.2 of [13] is a special case of Corollary 3.1.
2. Theorem 2.1 of [13] is a special case of Theorem 3.2.
3. Theorem 2.6 of [13] is a special case of Theorem 3.3.
4. Theorem 16 of [7] is a special case of Theorem 3.3.
5. Theorem 2.5 of [13] is a special case of Theorem 3.3.
6. Theorem 2.4 of [13] is a special case of Theorem 3.4.
7. Theorem 17 of [7] is a special case of Theorem 3.4.
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